Petryshyn [W.V. Petryshyn, Remark on condensing and k-set-contractive mappings, J. Math. Anal. Appl. 39 (1972) and Nussbaum [R.D. Nussbaum, Degree theory for local condensing maps, J. Math. Anal. Appl. 37 (1972) 741-766] have defined the topological degree of 1-set-contractive fields and studied fixed point theorems of 1-set-contractive operators by virtue of the potential tool. In this paper, we continue to investigate boundary conditions, under which the topological degree of 1-set-contractive fields, deg(I − A, D, p), is equal to unity or zero. Correspondingly, we can obtain some new fixed point theorems of 1-set-contractive operators and existence theorems of solutions for the equation Ax = µx, which improve and extend many famous theorems (e.g., Leray-Schauder's theorem, Rothe's theorem, Krasnoselskii's theorem, Altman's theorem, Petryshyn's theorem etc.). On the other hand, this class of 1-set-contractive operators include completely continuous operators, strict set-contractive operators, condensing operators, non-expansive maps, semi-contractive maps, LANE maps and others [L.S. Liu, Approximation theorems and fixed point theorems for various class of 1-set-contractive mappings in Banach spaces, Acta Math. Sinica 17 (2001) 103-112 (in English)]. So the results in this paper remain valid for the above maps. In addition, our conclusions and methods are different from ones in many recent works (e.g., [L.S. Liu, Approximation theorems and fixed point theorems for various class of 1-set-contractive mappings in Banach spaces, Acta Math. Sinica 17 (2001) 103-112 (in English)]).
Introduction
Petryshyn [1] and Nussbaum [2] first introduced the topological degree of 1-set-contractive fields, studied its basic properties and obtained fixed point theorems of 1-set-contractive operators. Amann [3] and Nussbaum [4] have introduced the fixed point indices of k-set contractive operators (0 ≤ k < 1) and condensing operators to derive some fixed point theorems. As a complement, Li [5] has defined the fixed point index of 1-set-contractive operators and obtained some fixed point theorems of 1-setcontractive operators. It is the purpose of this paper to continue to investigate boundary conditions, under which the topological degree of 1-set-contractive fields, deg(I − A, D, p), is equal to unity or zero. Consequently, we can obtain some new fixed point theorems of 1-set-contractive operators and existence theorems of solutions for the equation Ax = µx, which improve and extend many famous theorems (e.g., Leray-Schauder's theorem, Rothe's theorem, Krasnoselskii's theorem, Altman's theorem, Petryshyn's theorem etc.). On the other hand, this class of 1-set-contractive operators includes completely continuous operators, strict set-contractive operators, condensing operators, non-expansive maps, semi-contractive maps, LANE maps and others [9] . So the results in this paper remain valid for the above maps. In addition, our conclusions and methods are different from ones in many recent works.
Let E be a real Banach space, D a bounded open subset of E . We have some well-known theorems as follow.
Theorem A ( [6] ). If A : D → E is a condensing operator and A has no fixed point on ∂ D, and one of the following conditions is satisfied:
be a convex open subset of E and A(∂ D) ⊂ D;
(iii) (Krasnoselskii) let H be a real Hilbert space, θ ∈ D, (Ax, x) ≤ x 2 for every x ∈ ∂ D;
Then deg(I − A, D, θ) = 1, and hence A has at least one fixed point in D.
is a completely continuous operator and
Then A has at least one fixed point in B r .
In this paper, we generalize and improve above theorems for the case of 1-set-contractive operators by using topological degree methods. For convenience, we first recall the topological degree of 1-setcontractive fields due to Petryshyn [1] .
Let E be a real Banach space, p ∈ E , D a bounded open subset of E . Suppose that A : D → E is a 1-set-contractive operator such that
In addition, if there exists a k-set-contractive operator (k < 1)W : D → E such that
then (I − W )x = p for all x ∈ ∂ D, and so it is easy to see that deg(I − W, D, p) is well-defined and independent of W . Therefore, we are led to define the topological degree as follows:
Without loss of generality, we set p = θ in the above definition. Let A : D → E be a 1-set-contractive operator. A is said to be a semi-closed 1-set-contractive operator, if I − A is a closed operator (see [5] ).
It should be noted that this class of operator, as special cases, includes the completely continuous operator, strict set-contractive operator, condensing operator, semi-compact 1-set-contractive operator and others.
Suppose that A : D → E is a semi-closed 1-set-contractive operator and θ ∈ (I − A)∂ D, then the topological degree has the basic properties as follow: 
Main results
We are now in the position to apply the topological degree to derive some new fixed point theorems of 1-set-contractive operators and existence theorems of solutions for the equation Ax = µx which generalize a great deal of well-known results and relevant ones recently.
Theorem 1. Let E be a real Banach space, D a bounded open subset of E , x
then deg(I − 1 µ A, D, θ) = 1 and the equation Ax = µx has at least one solution in D.
Proof. Without loss of generality, suppose that the equation Ax = µx has no solution on ∂ D. Let
(1) First, we prove that I − H is closed. Let S be a closed subset of [0, 1]× D of the form S = M × P, where M and P is a closed subset of [0, 1] and D respectively. Suppose that y n ∈ (I − H )(M × P) such that y n converges to y 0 (n → ∞). Next we shall prove that
With passing to a subsequence if necessary, we suppose that t n → t 0 (n → ∞).
Hence
i.e.,
Consequently,
Since H (t, x) : [0, 1] × D → E is bounded and uniformly continuous with respect to t, so we have
In fact, suppose the contrary. Then there exist
It follows that 0
By the solution property of the topological degree, we assert that 1 µ A has at least one fixed point x * in D, i.e., Ax * = µx * . In fact, from Theorem 1 it suffices to set x 0 = θ, µ = 1. In addition, we can prove Corollary 1 directly.
Remark. Corollary 1 generalizes the famous Leray-Schauder's theorem to the case of semi-closed 1-set-contractive operators. Proof. It suffices to prove that (10) implies the condition (L-S). Suppose the contrary. Then there exist x 0 ∈ ∂ D, t 0 ≥ 1 such that Ax 0 = t 0 x 0 . From (10), one can see that t 0 > 1 and so Ax 0 = t 0 x 0 > x 0 , contradicting with (10).
Remark. Theorem 2 is a generalization of the Rothe's Theorem. Remark. Theorem 3 generalizes the famous Rothe's Theorem. It should be noted that, under the hypotheses of Theorem 3, the fact that A has a fixed point was proved in [1] . However, the latter has no conclusion concerning topological degree. In addition, our method is an alternative.
Theorem 4. Let E be a real Banach space, D a bounded open subset of E , µ ≥ 1. If A : D → E is a semi-closed 1-set-contractive operator and satisfies either of the following conditions
then deg(I − 1 µ A, D, θ) = 1 and the equation Ax = µx has a solution in D. Proof. Suppose that (i) is satisfied. We only need to let x 0 = θ in Theorem 1. If (ii) is satisfied, we only need to show that (12) implies (5) . Indeed, suppose the contrary. Then there exist y 0 ∈ ∂ D, α 0 > µ such that
From (12), we obtain α 0 y 0 − x 0 ≤ µ y 0 − x 0 . It follows from y 0 − x 0 = 0 that α 0 ≤ µ, a contradiction with α 0 > µ. So the condition (5) holds. 
then deg(I − A, D, θ) = 1, and so A has at least one fixed point in D.
Proof. Without loss of generality, suppose that A has no fixed point on ∂ D. Next we shall prove that the condition (L-S) is satisfied under the conditions in Theorem 5. Suppose the contrary. Then there exists x 0 ∈ ∂ D, µ 0 ≥ 1 such that Ax 0 = µ 0 x 0 . It is easy to see that µ 0 > 1. Now, consider the function defined by
for any t ≥ 1, α > 1.
Since
is a strictly increasing function in [1, ∞) . And so f (t) > f (1) for t > 1, i.e., t α − 1 > (t − 1) α , for any t > 1, α > 1. Consequently, note that x 0 = 0, µ 0 > 1, we have
This is a contradiction with (14), and so the condition (L-S) is satisfied. By Corollary 1, we get deg(I − A, D, θ) = 1. Proof. From (15), we have
It is clear that 1 µ A is a semi-closed 1-set-contractive operator and satisfies the condition (14). So Corollary 2 follows from Theorem 5.
Theorem 6. Let E , D, A be the same as in Corollary 1. Moreover, if
Proof. From Theorem 5, it suffices to show that (16) implies (15), which is trivial.
Remark. Theorem 6 is a generalization of the Petryshyn's Theorem. Proof. Set α = 2 in Theorem 5, we have
that is, (14) is satisfied. So A has at least one fixed point in D.
Remark. Theorem 7 is a generalization of the Krasnoselskii's Theorem. 
then deg(I − A, D, θ) = 1, and so A has a fixed point in D.
Proof. Without loss of generality, suppose that A has no fixed point on ∂ D. From Corollary 1, it suffices to show that the condition (L-S) is satisfied under the conditions in Theorem 8. Indeed, suppose the contrary. Then there exist x 0 ∈ ∂ D and µ 0 ≥ 1 such that Ax 0 = µ 0 x 0 . So we have µ 0 > 1, x 0 = θ. Now consider the function
for any t ≥ 1, α ∈ (0, 1).
The formal differentiation yields
Therefore, f (t) is a strictly increasing function in [1, ∞) , and hence, f (t) > f (1) for t > 1, that is,
This contradiction with (18) proves the assertion. 
then the equation Ax = µx possesses at least one solution in D. 
then A has a fixed point in D and deg(I − A, D, θ) = 1.
Proof. The proof is exactly the same as in Theorem 8, except considering the function f (t) = t α + 1 − (t + 1) α , for t ≥ 0, α ∈ (0, 1) instead of the function f (t) = (t − 1) α − t α + 1, for t ≥ 1, α ∈ (0, 1). 
Proof. Without loss of generality, suppose that A has no fixed point on ∂ D. From Corollary 1, it suffices to show that the condition (L-S) is satisfied. Indeed, suppose the contrary. Then there exist x 0 ∈ ∂ D and µ 0 ≥ 1 such that Ax 0 = µ 0 x 0 . So we have
This contradiction with (21) shows that the condition (L-S) holds. 
then A has at least one fixed point in D and deg(I − A, D, θ) = 1.
Proof. The proof is exactly the same as in Theorem 10, except using the inequality (t + 1) 
then deg(I − A, D, θ) = 1 and A has a fixed point in D.
Proof. Suppose that Ax = x for x ∈ ∂ D. From (23), we have
The remainders of the proof are similar to that in Theorem 1, so we omit the details. It follows from solution property (b) that A has at least one fixed point in D 2 \ D 1 .
